We study the Einstein gravity equations projected on a timelike surface, which represents the time evolution of what we call a gravitational screen. We show that such a screen possesses a surface tension and an internal energy, and that the Einstein equations reduce to the thermodynamic equations of a viscous bubble. We also provide a complete dictionary between gravitational and thermodynamical variables. In the non-viscous cases there are three thermodynamic equations which characterise a bubble dynamics: These are the first law, the Marangoni flow equation and the Young-Laplace equation. In all three equations the surface tension plays a central role: In the first law it appears as a work term per unit area, in the Marangoni flow its gradient drives a force, and in the Young-Laplace equation it contributes to a pressure proportional to the surface curvature. The gravity equations appear as a natural generalization of these bubble equations when the bubble itself is viscous and dynamical. In particular, it shows that the mechanism of entropy production for the viscous bubble is mapped onto the production of gravitational waves. We also review the relationship between surface tension and temperature, and discuss the usual black-hole thermodynamics from this point of view.
Introduction
In trying to construct a quantum theory of gravity one is often led to wonder "what are the fundamental space-time degrees of freedom or what are the quantum gravity constituents if any?" Such questions are related to one of the crucial open questions in semi-classical gravity which is: "What is the entropy of a gravitational system?". All the recent data [1] point towards having an early universe which is in perfect thermodynamical equilibrium as far as the matter fields are concerned. In order to reconcile this fact with the second law one needs, as emphasized by Penrose [2] , to assign an entropy to the gravitational field which roughly measures the amount of gravitational waves present in the space-time. The open and pressing problem is to understand "what is the exact form of this gravitational entropy measure?".
It is well accepted that in the case where the space-time is static and contains black-holes the Bekenstein-Hawking entropy [3, 4] should provide such a measure, i-e the sum of the black-hole horizons area in Planck unit is such a measure of gravitational entropy [5] . In the case where dynamics is present and the gravitational system is not at equilibrium, there are no accepted answers. One of the challenges lies into the concept of horizons itself, that is which one do we consider in the dynamical context?: the event horizon? which depends on the end of time and is therefore teleological and cannot be characterized by quasi-local measurements; the trapping or dynamical horizon? [6, 7] which is a local concept but which leads to hypersurfaces that are generically spacelike hence acausal; or the stretched horizon? [8] which is somehow free of the issues above but defined only as an approximation and known to possess instabilities. In thermodynamics the concept of entropy can be defined for systems which are out of equilibrium, as long as they are under local equilibrium. For out of equilibrium systems understanding what entropy is, therefore means that we need to understand the mechanism of entropy production (see [9, 10] for earlier discussion). This is one of the key motivation behind our work. A correspondence between the gravitational dynamics of a space-time region system and a thermodynamic system, that extends to time dependent situations can provides us with an identification of what the entropy production is in the gravity system by pulling back the thermodynamical analog. Another key motivation for our work is to devise a study of such a correspondence for finite regions of space-time, regions that do not refer to the end of space by studying asymptotically flat or AdS regions, or the end of time, like event horizons.
Our work is profoundly motivated by the black-hole membrane paradigm [8, 11, 12] and can be viewed as a full-fledge realization of this idea. The difference is that we start from the onset with screens whose evolution is timelike instead of treating the equation as an approximation of the near horizon geometry of a black hole. As such we can formulate the gravity-thermodynamics correspondence for any region, not necessarily near an event horizon and we do not treat it as an approximation. Our work is also related to Verlinde's idea [13] , in which the gravitational degrees of freedom inside the screen can be replaced by the boundary degrees of freedom on the screen. It can be viewed as a fully relativistic and proper formulation of these.
In a previous work [14] we argued, in the context of an Hamiltonian analysis, that a gravitational screen possesses a surface tension and an internal energy. It was shown that the surface tension is, in units where 8πG = 1, given by the inward radial screen's acceleration and the internal energy is given by minus the screen radial expansion. In this work we confirm this analysis and show that the Einstein equations projected on the time evolution of the gravitational screen reduce to thermodynamic equations for a viscous bubble. In the non-viscous cases the equations for a thermodynamic interface are of three kinds: The first law, the Marangoni flow equation and the Young-Laplace equation. In all three equations the surface tension plays a central although very different role: In the first law it appears as a work term per unit area, in the Marangoni flow its gradient drives a force, and in the Young-Laplace equation it contributes to a pressure proportional to the surface curvature. In this work we show that the gravity equations correspond to a natural viscous generalization of these bubble equations, coupled to a Newtonian gravitational potential. This allows us to give a full dictionary between thermodynamic entities and gravitational terms. Among other things it provides us with a characterization of the viscous entropy production as a measure for the amount of gravitational waves flowing through the screen. One of the key point of our discussion, which allow us to give a full dictionary, is the role of the surface tension and the Laplace-Young equation, which was missed in previous discussions and is essential for a quasi-local description.
Our work bares some resemblance with the celebrated fluid-gravity correspondence developed by Minwallah et al [15, 16, 17] in the context of asymptotic AdS spaces. In particular these authors recognized that some gravity equations are encoded in a relativistic conservation of energy and momenta, and reconstructed the space-time metric in a derivative expansion from a fluid solution. The key difference is that the fluid-gravity correspondence refers to a screen at spatial infinity in AdS space. The correspondence is between the relativistic fluid equation on this infinity screen and the bulk metric in a long wavelength expansion. Our correspondence, on the other hand, aims at a local reconstruction valid for arbitrary screens inside the manifold. One might expect our quasi-local correspondence to eventually agree with the fluid-gravity one in the limit of an asymptotic AdS screen. Note however, that in this asymptotic limit there is no longer any reference to a YoungLaplace equation, which arises only in the finite boundary setting. The appearance of this equation within gravity is a new feature of our analysis. It is also important to note that in the fluid-gravity correspondence the equations are autonomous, containing an expression for the constitutive law. Even if our goal is to reach this point we do not achieve yet such in this paper.
Another instance where gravity and thermodynamics are put together in a local manner is in the work of Jacobson [18] , which aimed at identifying Einstein equations with an equation of state. In Jacobson approach however, it is postulated that the radial acceleration is the temperature. This is a valid assumption in static space-times or equilibrium configurations but is it when we have only local equilibrium? What our analysis clearly shows is that in a dynamical space-time the radial acceleration should be interpreted as the surface tension, not a temperature. Also, one should keep in mind that the concept of temperature for a general space-time screen is not yet fully developed (see however [19] for an interesting proposal in the context of 2d space-time).
In thermodynamics the relationship between surface tension and temperature is given by the Gibbs relation, which we describe at the end of this paper. This relation stipulates that the derivative of the surface tension with respect to the temperature is given by the entropy per unit area. So the only instance where the surface tension is proportional to the temperature is when the entropy per unit area of the interface is constant and independent of the temperature. Whether we can still assume that the entropy per unit area of certain gravitational screens can be assumed to be constant in the non-equilibrium context still needs to be demonstrated.
There are other approaches which generalize the black-hole membrane paradigm. These differ from our perspective and none puts emphasis on the Young-Laplace equation as a key equation for the correspondence (with the exception of [20] ). In [21] the incompressible Navier-Stokes equation on a timelike surface at any position is derived from a limit of the Einstein equation by using a flat uniformly accelerated screen and a long wavelength perturbation around a static metric with horizon. This is not valid for a general spacetime unlike our treatment. [22] analyzes any null hypersurface in the freely-falling frame, and the equation becomes the Navier-Stokes equation of a usual Stokes fluid. In [23, 24, 25] a quasi-local analysis similar and complementary to one we present here, has been developed to derive fluid-dynamics-like equations for any hypersurface. This formulation uses null vectors unlike our formulation to define the thermodynamic quantities, and the corresponding dictionary differs in details. This analysis identifies correctly a notion of internal energy as the expansion and entropy production as gravity wave production but it does not identify the surface tension as one of the key ingredients and the corresponding Young-Laplace equation as one of the key thermodynamic equation.
Our work is also inspired by the developments associated with trapping, isolated, dynamical and slowly evolving horizon [6, 7, 26, 27, 28] . These are not timelike however, and therefore, they cannot be interpreted as a membrane supporting a real physical system. Finally, in the context of spacetime thermodynamics, non-equilibrium effects have been considered by analysing the null Raychaudhuri equation, which is restricted to cases where the expansion vanishes [9, 10] . In this analysis the entropy production has been discussed and agrees in a null limit with our interpretation.
Since this paper is first devoted to a gravity community, we review in the beginning elements of fluids dynamics and give the main concepts and equations. We then also present the thermodynamics of interfaces and describes some element of the physics of surface tension. This allows us to set the definitions and notations that we use in the following. The knowledgeable reader can jump directly to the next sections. In these we present the 2 + 2 decomposition of gravity, introduce the membrane energy-momentum tensor and analyze the gravity equation projected on the screen's evolution. We then give the full dictionary between gravity and thermodynamics, and finally discuss the Gibbs relation between temperature and surface tension.
Non-relativistic Fluid dynamics
In this section we recall the key elements of the laws of conservation for a viscous fluid consisting of only one component [29, 30] . We denote the fluid velocity field by v i (t, x). In the Lagrangian picture one follows fluid particles, and the rate of change of physical quantities is due to the flow and the explicit time dependence. The particular derivative is given, for a local quantity f (t, x),
where d is the spatial derivative in the laboratory frame which we are now considering. Suppose that we have an integral over a domain
where σ ≡ d·v is the compressibility of the fluid, which measures the expansion rate. Here and in the following · denotes one index contraction and bold represents vectors or tensors. We denote by ρ the mass density of the fluid. The mass conservation equation or continuity equation is
This can also be written in terms of the Lagrangian derivative as
This equation will be used to rewrite all derivatives of a mass densityf in terms of its volume density f ≡ ρf as ρd tf = d t f + σf . A fluid within a domain D is submitted to bulk and boundary forces. Here we suppose that the bulk forces are given by a conservative force −ρdφ, due to the presence of a Newtonian potential φ and by an external radiative force f per unit volume. In our context it is convenient to think of this external force as being due to radiation going through the system. This is even more adequate in the case the system is itself part of an interface as we will later assume. Boundary forces are provided by the surface density force T ij s j , where s i is the boundary unit normal and T ij the total stress tensor. Here T ij represents the flux in direction j (rate of change per unit area) of momenta i. In summary the total force is:
The conservation of angular momenta implies that, in the absence of vortices, the total stress tensor T ij is symmetric. If the fluid is non-elastic 1 , the total stress tensor can be decomposed in terms of a pressure term p and a viscous stress tensor Θ ij .
The pressure p represents the stress tensor when the fluid is at rest. Note that in general, the dynamical pressure P = p − θ/3, where θ ≡ Θ i i , differs from the static pressure p, unless θ vanishes, where the fluid is said to satisfy Stokes's assumption, which is valid for mono-atomic gases but not generally. The fundamental equation that characterizes the conservation of momenta is given by
which is the Navier-Stokes equation for a general fluid since we have not imposed constituent equations yet. It will be convenient to rewrite this equation in term of the momentum density of the fluid
The conservation of momenta reads d t π + σπ = −dp + d·Θ − ρdφ + f .
Next we are interested in looking into the conservation of energy. The total energy densityê per unit mass is given by the sum of kinetic energy 1 2 v 2 , gravitational energy φ, and internal energy densityû,ê
The internal energy represents the energy of thermal agitation plus the energy of short range interactions. In the most general case, the total energy changes in three ways: energy flux going through the boundary, time dependence of the Newtonian potential, and radiative heat transfer. Firstly, the energy flux comes from three contributions: It contains first a convective term ρêv due to the flow of matter, there is also a boundary work term by the surrounding fluid ∂D (−T ij v i s j ), and finally there is the flow of heat incorporated in the heat flux vector q, which captures how much heat enters into the system through the boundary ∂D. Secondly, we have a contribution which comes from the time dependence of the potential energy ρ∂ t φ. Finally, we can lose energy due to the presence of a radiative energy transferĖ rad . Radiation with high frequency can enter into the bulk of the fluid to contribute directly to heat without converting into conductive heat transfer, such as a system under cosmic ray and a nuclear power reactor. Thus we reach ∂ t e = ∂ i (T ij v j − ev i − q i ) + ρ∂ t φ +Ė rad , where e = ρê. This can also be written as
The first law
Lets construct the local version of the first law of thermodynamics. First we can evaluate, from (7) and the definition of d t ,
where we have introduced the strain rate tensor Σ ab ≡ ∂ (a v b) , the parenthesis meaning symmetrization. We also have that
By subtracting these two equations from (11), we obtain
We have introducedQ rad =Ė rad − v ·f which represents the amount of radiative heat transferred to the system, i-e the total energy transfer minus the work terms due to radiation. Introducing the internal energy density u ≡ ρû, and using the decomposition T = −pδ + Θ, we can write the local version of the first law
This result tells that effects of potential fields such as φ do not enter into the first law. We have introduced two forms of heat, the usual heat transfer across boundary and the radiative heat transfer. In the case the system is itself part of an interface this distinction becomes even more crucial, since the system can transport heat across its boundary along the interface but also across the interface. Both forms of heat transfer can contribute to the internal energy positively or negatively, depending on processes.
Gibbs relation and the second law
If one assumes the condition of local equilibrium, that is equilibrium for the fluid particle even in a context where the fluid is out of equilibrium, we can define the notion of entropy density. Let us recall that in the thermodynamic limit, it is assumed that the fluid infinitesimal element still contains a extremely large numbers of molecules so that it makes sense to talk about the local value of microscopic concepts such as entropy or internal energy. For a one-component fluid the entropy mass densityŝ is considered to be a function of the internal energy mass densityû and the specific volume v = 1/ρ,ŝ =ŝ(û, v). Its variation is given by the Gibbs relation: T δŝ = δû + pδv. Using the mass conservation d t v = σv, we can write the Gibbs relation as a time variation:
If we denote by s = ρŝ the entropy density and use the first law (15) in the Gibbs relation, we obtain the evolution equation for the entropy simply given by
If one multiplies this equation by the inverse temperature β ≡ 1/T we obtain, in the usual case where there are no radiative heat transfer, the entropy evolution law evolution in the form:
where the entropy current J s ≡ βq is proportional to the heat flux andṡ is the local entropy production given byṡ
It expresses that for a one-component fluid there are two sources of entropy production. One is due to heat conduction and the second one is due to the gradient of the velocity field leading to viscous flow. It is important to note that each term is always the product of a flux term: Σ for the shearing flux or q for the heat flux, times a thermodynamic force: Θ for the viscous force or dβ for the temperature force. As we are going to see the relations between forces and flux represents the constitutive relations. The second law of thermodynamics demands that the entropy production be positive, which is expressed by the inequalitẏ
This is the local form of the second law. It is important to note that the second law is a restriction on the type of constitutive relations. In order to get the familiar formulation of the second law, lets integrate (18) over a finite region V and denote the total entropy by S = V s, while we denote the rate of exchange of heat per unit time byQ = − ∂V q·s where s is the outward unit normal to ∂V . We now look at a transformation taking place in a time interval and assume that the system is closed (it doesn't exchange matter with its environment) and that the temperature is constant in time and over space. We can now integrate (18) over V and over the time interval and get
Vṡ denotes the internal entropy produced inside the system. The second law stipulates that it is always non-negative and therefore we can write it as
The term δQ/T describes the entropy the closed system exchanges with its environment and it can be positive or negative.
Constitutive Laws
By definition a fluid is a system for which the viscous stress tensor Θ ij is a function of the strain (or deformation) rate tensor 
where ξ is the bulk viscosity while µ is the shear viscosity. Other type of constitutive law can model systems like lava, mayonnaise or mud, that behave like solid below a certain critical value of the stress and fluid above. This can be realized for instance by the Bingham plastic law, which involves a yield stress τ c and a viscosity µ:
As we will see different non-Newtonian constitutive relations can be encountered in the gravity setting. Another type of constitutive laws needed to described the system is a relationship between heat flux vector q and temperature T . The simplest relation is Fourier's law: q = −κdT , where κ is a heat conduction coefficient.
It is important to recognize that the constitutive laws have status which differs radically from the fundamental conservation laws since they are phenomenological and fixed by experimentation. With the same material but under different stress and external conditions the experimentation can set up different constitutive law. One of best examples is cooking, which is the art of changing the constitutive laws in a tasteful manner. It is also significant to note that the second law of thermodynamics restrict the possible set of constitutive laws Θ(Σ) and q(β) (see [30, 31, 32] for a general discussion). In the Onsagerian regime, where we assume a linear relationship, it demands the positivity of the viscosity coefficients µ, ξ and of the heat conduction coefficient κ.
Let us conclude by saying that for a one-component fluid, once we use the constitutive relations, Θ(Σ) and q(β), we have 6 unknowns: (ρ, p, u, v). We have 5 fundamental conservations equations, mass, 3-momenta and energy. The last relation is provided by the state equation s(u, ρ).
Thermodynamics of system with interface
The previous equations describe dynamics of the bulk of a fluid. In the case where there are interfaces between two phases, the interface itself will behave as a thermodynamic system. The goal of this section is to present the interface's thermodynamic equations. Apart from the mass conservation, there are three equations. In addition to the first law expressing the balance law of internal energy on the surface and the so-called Marangoni flow equation expressing the conservation of tangential momenta on the surface, we also have an extra equation, that is, the dynamical YoungLaplace equation expressing the conservation of normal momentum across the surface and governing the expansion of the interface within its environment. The presence of this extra equation is tied up with the appearance of a new physical quantity entering the description of fluid interfaces: the surface tension. which plays a specific role in these three equations.
In this section we will make a short review of physics of interface [33] to familiarize ourselves with the basics concepts. In the next section it will be found that the gravitational case corresponds to a natural generalization of these equations, where the interfacial fluid is viscous and the interface is allowed to dynamically change its size.
Surface tension
As soon as there are interfaces between two phases, such as two immiscible liquids, two kinds of materials, or two phases of the same fluid, a new physical quantity makes its appearance: The surface tension γ. Its physical origin is due to the Wan der Walls interactions between molecules. Molecules tend to attract each other and bind when the attractive interaction is stronger than thermal agitation. If the binding energy per molecule is U < 0 inside the liquid, a molecule living at the surface has the energy ∼ U/2 because it is surrounded only by half its neighbours. Boundary molecules are therefore in excited states compared to the bulk ones. Thus, any fluid will adjust its shape in order to make the exposed surface area the smallest possible. The surface tension γ is a direct measure of this energy cost per unit area. If a is the molecule's size and a 2 is its exposed area, the surface tension γ is estimated as γ ∼ U/(2a 2 ). Note that in general the surface tension γ is determined by the relation between the two kinds of materials and phases across the interface, and that dimensionally [γ] = (energy) × (length) −2 .
The basic definition of surface tension is that γ is the energy that must be provided to increase the surface area by one unit. In the equation this means that the amount of work δW needed in order to increase the surface area by dA is δW = γdA.
This leads to an expression of the interfacial thermodynamic relation for internal energy. If U i denotes the interfacial internal energy, S i the interfacial entropy and N i the number of interfacial constituent, the relation for a one-component fluid can be written as [34, 35] 
where µ i is the interface chemical potential 2 .
We can see that this equation is similar to the thermodynamic relation of the bulk phases except that the work term involves an area variation. This suggests that we can interpret formally the surface tension as a negative surface pressure in a 2d system:
This interpretation follows from understanding the pressure as a repulsive force due to thermal agitation, and a binding force γ can therefore be accounted as a negative pressure.
Marangoni flows
The interpretation (27) also suggests that gradient of surface tension will drive tangential flow in the opposite way a gradient of pressure would. These flows are known as Marangoni flows. The presence of a gradient of surface tension creates a Marangoni force f = dγ. This force induces a flow that moves the interfacial fluid from region of low surface tension toward region of higher surface tension. If π A denotes the interfacial fluid momenta we have that
where the index A, B, ... represents components tangent to the interface, and d A is here the covariant derivative on the surface. For usual materials a gradient of temperature T results in a gradient of surface tension, and thus, a hotter fluid has lower surface tension. Hence, ∂γ/∂T < 0, and the surface tension decreases until the critical point. Similarly, a gradient of concentration c results in a gradient of surface tension. For a surfactant like soap, whose presence lowers the surface tension, we have that ∂γ/∂c < 0.
A famous example of the Marangoni flow arises in the "tears of wine" effect, which leads to tears of wine continuously forming on the glass at a certain height above the wine surface on top of a film. In a glass of wine (mixture of water and alcohol), a film forms due to the fact that the surface tension of the glass/air interface is higher than the total surface tension of the interfaces wine/air and wine/glass. While the film rises along the glass wall the alcohol in the film evaporates. Alcohol lowers the surface tension of water, and therefore, the surface tension at the top of the film is higher than at the bottom. The Marangoni flow drives then the fluid up the film until gravity forces the excess fluid to drop back in tears.
Young-Laplace equation
The last equation governing the physics of interfaces is the Young-Laplace equation. Lets imagine that a bubble of area A and volume V is deformed and lets denote P out the external bulk fluid pressure and P in the internal bulk fluid pressure. The total amount of bulk plus boundary work is then given by δW = (P out − P int )δV + γδA .
The condition of mechanical equilibrium then leads to the Young-Laplace equation:
where ∆P = (P out − P int ) and
is the bubble curvature. If the bubble is spherical with radius R it is given by θ = 2 R . If not it can be written in terms of the two principal radii of curvature R 1 , R 2 as the mean curvature
It can also be expressed as the divergence of the normal vector to the surface. If s is a unit outward vector normal to the surface then
The Young-Laplace equation (29) determines the mechanical-equilibrium shape of interfaces. It means that the curvature of the surface creates an extra normal force γθ directed inside the bubble center. This force is responsible for the capillarity rise in small tubes, the buoyancy of small insect on water, the capillary suction of parallel plates and the Rayleigh instability of cylindrical flow, among other things [33] .
Force law
The above discussions showed that the presence of a surface tension leads to both an inward normal force −(γθ)s and a tangential force dγ. Note here that d represents tangential derivative, which is defined by d A f ≡ q A i ∇ i f , where q ij is 2d metric for the interface such that δ ij = s i s j + q ij . The application of Stokes theorem to an element of surface S with boundary C = ∂S gives that the total force on S due to surface tension is
where t is the unit vector tangent to C, × denotes the cross product and dℓ the line element (see fig.1 ). This shows that the surface tension is the force per unit length tangential to the surface S 
Wetting
The interpretation of surface tension as a force per unit length acting on the contact line of interfaces explains the phenomena of wetting. Suppose a drop of a liquid placed at a solid/gas interface, and lets denote respectively by γ, γ SL , and γ SG the gas/liquid, solid/liquid and solid/gas interface tensions. Let's consider S = γ SG − (γ SL + γ) .
If S > 0, the drop will spread out, that is, wetting will occur. If S < 0, wetting happens partially, Figure 2 : Wetting process and an equilibrium angle holds, which is determined by the law of Young-Dupre:
Dynamical Young-Laplace equation: conservation law of normal momentum
In the dynamical case the Young-Laplace equilibrium condition (29) is not always satisfied. If ∆P + γθ > 0 (< 0) there is a force directed inward (outward). This force results in a mass transfer. This happens for instance in the case of evaporation or condensation, where matter is transported across the surface. By treating appropriately the interface as the thin limit of a finite size layer, we can derive the equation governing the dynamics of the interface:
which is derived in Appendix. Hereπ r is the bubble radial momentum density.
Generalization to viscous bubbles
The previous equations (26, 28, 34) express the conservation laws for a non-viscous bubble. In the case where the bubble is viscous, we have to add to these laws the influence of the 2d viscous stress tensor Θ, 2d rate of strain tensor Σ and 2d heat flow vector q. These tensors enter into the conservations of tangential momenta and interfacial internal energy in exactly the same way that bulk viscous stress and bulk rate of strain enter into the conservations of energy and momenta as described in the previous section. In this context an external heat transfer analogous toQ rad also enters naturally since there can be heat crossing the interface along the normal direction. Note finally that the conservation law of normal momentum (34) is modified non-trivially. The general form of this modification for a viscous bubble is not known in the thermodynamical literature, and thus our approach gives a definite proposal for what this can be. In the next section we will analyze gravity equations and show that they correspond to a viscous generalization of the thermodynamic laws of interfaces.
Gravity equations for the screen
We now change gears and study the gravity equations for a timelike membrane which appears as the time evolution of the gravitational screen [14] .
Screen energy-momentum tensor
We now consider a 3d timelike hypersurface Σ = S × R, where S is a 2-sphere, embedded in 4d space-time with unit normal s satisfying s 2 = 1. s is chosen to point toward the outside of the region screened by the membrane (see fig.3 ). We denote by h ab ≡ g ab − s a s b the induced metric Figure 3 : A gravitational screen and vectors on membrane Σ and by
2 L s h a ′ b ′ , the extrinsic curvature tensor of the membrane. Here g ab is the 4d space-time metric. Note that this membrane can be chosen arbitrarily as we like.
Such a screen can be considered to carry a screen energy-momentum tensor S ab given by
where H = h ab H ab andS ab ≡ Hh ab − H ab . This is justified by using the Israel's junction condition for a timelike surface [36, 37] and is similar in spirit to what is done in the black-hole membrane paradigm [8, 11] . Indeed, it is well-known that if we consider a space-time obtained by gluing two half space-time (M ± , g ± ) along a timelike hypersurface Σ, we have to demand that both induced metrics agree on Σ, in other words h + ab = h − ab , in order to be able to define the Riemann tensor. The Riemann tensor can contain a distributional contribution supported only on Σ. The Weyl component of this contribution vanishes, while the Ricci component is characterized by the discontinuity of the extrinsic curvature H ab across Σ. Thus, the Einstein tensor is described as
where Θ ± Σ are distributions supported on the each half space and δ Σ is a characteristic distribution of Σ: |g|f δ Σ = Σ √ hf . Using the Einstein equation, the distributional contribution of G ab can be considered to come from the presence of the surface energy-momentum tensor associated with the timelike membrane Σ, S ab = 1 8πGS ab . Next let's employ the membrane paradigm idea. In reality, there is no such a surface energymomentum tensor on Σ since in our case we are here just postulating a timelike surface in a space-time. However, in the membrane paradigm, the space-time is supposed to be terminated by the timelike surface. This leads to an holographic point of view where the interior of the membrane is entirely replaced by the presence of a physical membrane. In this case H ab | − = 0 and the membrane energy-momentum tensor is given by S ab . The remarkable point is that the replacement of the interior by a pure boundary does not affect the physics outside Σ. The boundary physics actually replaces the actual inside spacetime as long as the screen is assigned a non vanishing energy momentum tensor S ab .
The same energy momentum tensor appears in Brown-York [38] analysis and is often referred as the Brown-York energy-momentum tensor. In this point of view it comes from the boundary variation of the Hamilton-Jacobi functional as
which is a relativistic generalisation of the usual definition of energy from the Hamilton-Jacobi functional E = −∂S/∂t. The membrane paradigm interpretation is more adapted to our analysis and was performed earlier so we give it precedence.
We can use the screen energy-momentum tensor (35) to rewrite the gravity equations in an interesting form. Using the Codazzi (85) and the Gauss equations (86) in Appendix, the Einstein equations G ab = (8πG)T ab projected on the timelike brane are expressed as
where
denotes the covariant derivative on the timelike membrane and T sa ≡ T ba s b . The first equations express the screen energy-momentum conservation laws under an external source. −h ab T bs represents the radial inflow across the surface of the a-component energymomentum. In the membrane point of view is interpreted as the energy-momentum in-flow from external forces and radiation. The second equation corresponds to a constraint equation for "radial direction", which is analogous to the constraint equation of general relativity for time foliation. It controls the amount of radial momentum flowing across the screen.
2 + 2 decomposition
The screen evolution Σ is a timelike 3d submanifold embedded in the 4d spacetime manifold. In order to understand its dynamics we introduce on it a space-time decomposition. We assume that there is a slicing of Σ such that the constant time slices are 2d spacelike surfaces S which are topologically 2d spheres and the timelike membrane is viewed as the screen evolution. We denote by n the unit timelike normal to the slices (i.e. n 2 = −1) and by ρ the screen lapse function (see fig.3 ). That is, we have that n= − ρdT,
where T is the time function and the equality= is valid on the screen evolution. The time lapse ρ plays the role of the Newtonian potential associated with the membrane's foliation, as we will see later. Note that by construction n·s = 0 holds, and the two dimensional metric q AB characterizes the intrinsic geometry of S. Here the index A, B... represents components tangent to S, and in the following we will denote by d A the covariant derivative on S, which is defined as d A v B ≡ q A a q B b ∇ a v b . q ab is related to the screen metric by h ab = q ab − n a n b , and thus, we have
which will be used to decompose geometric quantities in the following. The extrinsic geometry of S is first characterized by the extrinsic curvature tensors
whose trace part is denoted by
for a normal vector ℓ. The extrinsic geometry is also characterized by the normal one-form:
Finally, the normal geometry is encoded into three type of data: The first ones are the tangential accelerations:
which measure how the normal geometry N ab ≡ −n a n b + s a s b varies on the sphere S. The second one is the twist vector:
which measures the lack of integrability of the normal planes. And the final ones are the normal accelerations:
Note that γ n is the radial acceleration of an observer flowing along the screen. It represents the total acceleration of an observer following a screen geodesic. The above geometric quantities decompose the 4d spacetime into the 2d surface S and the 2d normal surface T ⊥ S, which we will call 2+2 decomposition. We can now use this decomposition to project the conservation laws (37) onto timelike and spatial directions:
which can be interpreted as the conservation of energy and momenta of the timelike screen, respectively. Indeed T sn represents the amount of matter energy flowing out the screen while T sA represents the amount of matter momenta flowing out the screen. The screen energy-momentum tensor S ab can be decomposed into energy density ǫ ≡ S nn , momentum density π A ≡ −q A a S an and total pressure tensor Π AB ≡ q A a q B b S ab as S ab = ǫn a n b + π a n b + π b n a + Π ab .
These components can be explicitly expressed in terms of the 2+2 decomposition:
We eventually find that
where we have denoted by˜the operatioñ
This suggests already the identification of energy, momenta and pressure tensor to be given by
This interpretation will be confirmed later up to a rescaling. In order to see this we now look at the equations this tensor satisfies.
Conservation of screen momenta
We start by analyzing the conservation equation of the screen momenta in (47): −8πGT sA = (D bS b a )q a A . We expand each term in this equation by using the decomposition (50) and making use of the identity
for a vector tangent to S, i-e such that q a b V b = V a .
where L denotes the Lie derivative and we have used that
We can therefore write this conservation equation as
where T s· represents the 2d-vector momentum from the outside, whose component is T sA .
Conservation of screen energy
We now focus on the equation expressing the conservation of the screen energy in (47):−(8πG)T sn = (D bS b a )n a . Expanding each term and using (53) in the same way, we get
In summary the conservation of screen energy reads
Radial Constraint equation
We finally analyze the decomposition of the radial constraint equation (38):
Using (49) we can evaluate the quadratic terms as
The Ricci equation (87), controls the way the 3-dimensional and 2-dimensional curvatures are related:
Thus, we arrive at
The gravity-thermodynamics dictionary
We now show that the previous equations reduce to the thermodynamic equations for a viscous bubble. First, we introduce a time flow vector t normal to the sphere S, and we denote its norm by
In the following we also denote by t * the dual vector orthogonal to t having the norm t * ·t * = ρ 2 and preserving the orientation of the normal planes. If (n, s) denotes a basis of T ⊥ S this means that we can write t = ρ(cosh βn + sinh βs), t * = ρ(cosh βs + sinh βn).
The boost angle β corresponds to a choice of frame of the normal planes. The condition that t is the vector generating the time flow on Σ = S × R requires
Using this we can now rewrite the previous conservation equations in terms of (t, t * ), which is more natural since time evolution is observed not by a basis n but by a time vector t. First lets assume that we are in the frame where β = 0, so that
Then, the condition (59) leads to an expression of the acceleration a n :
where φ N = ln ρ is the Newtonian potential associated to the screen. Next we introduce new quantities by rescaling as
If one multiplies (54) by ρ, we can express the gravity equation of momentum conservation as:
where by D t we have denoted
Similarly by multiplying (55) by ρ 2 we obtain that
In order to interpret these equations physically, let's go back to the thermodynamic equations. First, combining the local first law (15) and the equation of the Newton potential (13) we obtain a "generalized" first law:
which is the equation of time evolution for the sum of internal energy density and gravitational potential density, u + ρφ. Note here that when usual thermodynamic equations are written down, we will use the notations introduced in the section of thermodynamics. What is now clear and quite remarkable is that, after dividing them by −(8πG), the equations (63) and (64) take exactly the same forms as the thermodynamic equations (9) and (65), which express the conservation of momenta, and the sum of internal energy and gravitational energy of a viscous bubble, respectively! This is true if one identifies the projected Lie derivative D t with the particular derivative d t . This provides a clean correspondence between the fluid dynamics and gravity that we now spell out. Let us first recall that −T st represents matter energy flow density going in the direction s measured by an observer t, and T sA represents A-component of matter momentum flow density going in the direction s 3 . Thus, T t * t and −T t * A represents the matter energy and momentum flow density entering into the screen, redshifted by the lapse factor ρ 4 .
If we assume that t represents the relativistic velocity of the fluid, it is natural to identify the projected Lie derivative D t along t as the Lagrange derivative d t . This means that what plays the role of the compressibility coefficient σ = ∂ i v i is given by the temporal expansion θ t = D t ln √ q, which measures how the size of the 2d surface evolves along t. This implies that the 2d measure density √ q corresponds to the specific volume v = 1/ρ. Here let us start with the analysis of the momenta conservation (63). We see that the fluid momenta can be identified with − ω 8πG . From the fluid perspective −T t * A represents the external forces f A that matter imprints on the bubble fluid. The first term in the RHS of (63) is a Marangoni force term, which tells us that − γ t 8πG plays the role of the surface tension γ, or the minus pressure −p 2d , since this system corresponds to a 2d fluid, so (27) holds. Also −Θ t * 8πG plays the role of the viscous stress tensor Θ. Finally the third term in the RHS of (63) appears to be equivalent to a force term from the Newtonian gravity where φ N is the Newtonian potential while − θ t * 8πG represents the Newtonian mass density. Thus, (63), which is originally the equation of the momentum conservation for the bulk, represents the law of momentum conservation of a 2d viscous bubble under the gravitational and external forces.
This interpretation can also be confirmed consistently in the energy conservation equation (64). Indeed the surface tension γ = − γ t 8πG appears as a work term − γ t 8πG θ t . As we have mentioned, if t corresponds to the fluid velocity, it is natural to interpret Θ t as the rate of strain tensor Σ = ∂v. According to this and the interpretation of −Θ t * 8πG as the viscous stress tensor in (63), the term −Θ t * 8πG : Θ t appears consistently as the viscous dissipation term. This dissipative term corresponds to a measure of the gravitational waves entering the screen. The divergence term represents the heat flux q = − ρ 2 ω 8πG , and T t * t , which is the matter energy flux density entering to the screen, corresponds to the radiative heat productionQ rad . Furthermore, − θ t * 8πG appears again as the Newtonian mass in the time-dependent Newtonian potential term ρd t φ. Finally, in order to compare (64) with (65), we have to identified − θ t * 8πG as the sum of the internal energy density and the gravitational potential energy, u + ρφ. Thus, we can understand (64) as the law of the "generalized" first law of thermodynamics for a 2d viscous bubble in the manner consistent with (63).
One peculiarity of the above analysis is that the Newtonian mass is identified with the sum of internal and gravitational energy, and that the heat flux is in the direction of the momenta.
3 Indeed, the total momenta and energy associated with a sliceΣ with induced metrich is
Suppose that t is a killing vector, then T a t is a conserved tensor and using the Gauss law on a timelike cylinder with space like boundaries Σ± and timelike boundary S × I where I is a time interval, by the Gauss Law we have that
However, this can come from the fact that this system is relativistic, while it is not possible to distinguish mass, internal, and gravitational energy in a relativistic fluid [30] 5 . The dictionary between bubble fluid and gravity is presented in table 1. We finally would like to understand the radial constraint equation (56) and compare it with the dynamical Young-Laplace equation (34) . Since the Young-Laplace equation describes a 2d interface embedded in 3 dimensions, it is convenient to introduce the spacelike metric
This is the Riemannian metric of a 3d spacelike hyper-surfaceΣ on which S is embedded. The Gauss equation (86) for this embedding reads
is the 3 dimensional Einstein tensor forh ab . In the case of fluid dynamics we usually consider flat space metric, in which case this contribution vanishes. In our gravitational case it is easy to see that we can use this curvature contribution to redefine the matter radial pressure:
The radial constraint equation can be simplified further by noticing that
where ∆ = d·d is the sphere Laplacian. Therefore after rescaling by ρ, (56) becomes
where we have used the surface tension definition γ = − γ t
8πG . Let us first analyze this expression in the static case, which corresponds to an equilibrium configuration. This case corresponds to having no expansion θ t = 0, no rate of strain Θ t = 0 and no momenta flowing on the bubble so that ω = 0. In this case the equation simplifies to
Since θ s is the radial curvature, we recognize the Young-Laplace equation provided we identify T t * s with the pressure difference:
the identification of T t * s = ρT ss as the external pressure, which is the standard interpretation of the diagonal spatial component of the energy momentum tensor. This dictionary is summarized in table 2. When the equilibrium condition γθ s +∆P = 0 is not satisfied, the bubble is expanding by nucleation.
If we assume that Θ nAB = 1 2 θ n q AB and that ω = 0 which would be satisfied in a spherically symmetric situation, the equation for constant φ reduces to
So we see that when the outside pressure dominates, hence ∆P + γθ s > 0 the bubble shrinks as it should in a fluid setting. This equation suggests that θ n /(8πG) plays qualitatively the same role as the radial average momentaπ r = r + r − ρv r for a physical bubble 6 . The full gravity equations (72) contains extra terms that can be written in the fluid language as terms proportional toΣ : Σ and q·π. These represents dissipative terms controlling the bubble expansion process. The relevance of these terms in the usual fluid setting is not established at this stage since there seems to be no known generalization of Young-Laplace equation for a viscous bubble. What's interesting is that the gravity analogy gives a proposal for what such an equation should be.
Thermodynamics of interfaces
In the previous sections we have shown that the gravity equations projected onto the gravitational screen take the same forms as the non-equilibrium thermodynamic equations for a viscous bubble. In these three equations a common coefficient emerges, that is, the surface tension γ. It appears in the momenta conservation equation (9) as a negative 2dimensional pressure (27) , in the generalized first law (65) as a work term, and in the radial equation (34) as the Young-Laplace extra pressure of curved boundaries. Comparing (63), (64) and (72) with these confirms that we can interpret the inward radial acceleration divided by 8πG as a surface tension, γ = − γ t 8πG . This interpretation seems at odd with the usual interpretation of the radial acceleration that appears in the black-hole thermodynamics [41, 42] . In the analysis the outward radial acceleration times /2π is interpreted as a temperature and not as a surface tension. This interpretation is valid for black hole horizons which are null surfaces, but still there seems to be a tension between these two thermodynamic interpretations that we now analyze. We show that the surface-tension interpretation is the fundamental one, and that in certain particular cases the surface tension is strictly proportional to the temperature, which is valid only for simple equations of states. The idea is to analyze the dependence of the surface tension on temperature. We know that for most materials, when the temperature increases the surface tension diminishes. The equation governing this is the Gibbs equation [34, 35] .
Lets assume we have an interface between two phases. For example, a liquid-gas interface, and we denote the two phases by L and G. All the thermodynamic quantities such as the internal energy U and total entropy S decompose as a sum of ones associated with the liquid phase, the gas phase (the bubble) and the interface:
Suppose here that we are choosing Gibbs's dividing surface, in which the total volume is given by V = V L + V G , such that the total number of particle is described by
There is one equation on the literature that expresses the rate of expansion of a bubble due to the difference between the outside pressure Pout and the pressure P∞ at infinity, this is the Rayleigh-Plesset equation [40] . This equation is obtained by integrating radially the Navier-Stokes equation. In the case of a spherically symmetric bubble of radius R, expanding in an incompressible and non-viscous fluid with constant density ρ, it is given by
It shouldn't be confused with the equation that expresses the rate of expansion by mass transfer due to the failure of the boundary equilibrium condition across the bubble surface Pout + γθs = Pin.
since the fluid we are considering has only one component. Then, the thermodynamic relation (26)
Here U i is a homogeneous, linear function of the extensive properties S i and A of the system. Therefore we can integrate it with the intensive properties T and γ fixed (Euler's theorem) to obtain
From here, we can define the interfacial free energy as F i ≡ U i − T S i = γA and its difference is dF i = −T dS i + γdA. Then, we use the Maxwell relation for F i to get
s i represents the interfacial entropy area density. In a homogeneous system this evaluate to s i = S i /A. Thus, we obtain the Gibbs equation:
which means that in order to determine the surface entropy we need to measure how the surface tension changes with temperature. The Gibbs equation shows that the only systems where the surface tension is proportional to the temperature are system where the entropy per unit area is independent of the temperature. This corresponds to a very particular equation of state, which is valid in the black-hole case. Indeed, for a black-hole the entropy per unit area is constant and equal to s i = 1/4 G, and the temperature vanish in the case of no acceleration. This shows that in this case the surface acceleration is indeed proportional to the temperature γ t = 2πT / . For an homogeneous system, the interfacial internal energy density is given by u i ≡
U i
A , so (78) and (80) lead to the thermodynamical equation of state:
This equation shows that the dependence γ(T ) can be understood as the equation of state for a one-component homogeneous interface. Demanding that γ be proportional to the temperature, or that the entropy per unit area be constant implies that the internal energy per unit area is a constant too. In the black-hole case u i = 0. Since the internal energy measures the energy associated with the random, disordered motion of molecules and short range interactions among them, this can imply that the event horizon corresponds to a free thermodynamic system having no microscopic dynamics. Note that in our dictionary the internal energy is given by the radial expansion u = − θ t * 8πG , and hence, from the gravity point of view, the demand u i = 0 corresponds to the definition of an horizon as a trapped surface [37] .
Constituent equations
We have written the gravity equations for a general screen in a thermodynamic manner. These equations are valid for any choice of screen's evolution. It is therefore natural to wonder whether the choice of time evolution of the screen can also be encoded thermodynamically. From a particular solution of Einstein's equation, we get a solution of the thermodynamic equations for any choice of screen and its time evolution. Given a gravity solution, it is interesting to note that changing the time evolution of the screen amounts to change what are the normal vectors to the screen. This in turn changes the relation between Θ s and Θ n .Θ s is interpreted as the viscous stress tensor and Θ n as the rate of strain tensor, we see that a change of the time evolution of a screen corresponds to a change of the constitutive laws. Different screen's evolutions therefore corresponds to different choices of materials or conditions under which a material is treated. For instance, a light like evolution of a screen is obtained in the limit where n → s. In this limit we have that Θ n = Θ s , which corresponds to a Newtonian fluid. However, we have to be careful that the shear viscosity of this fluid is positive and equal to 1/(16πG), while the bulk viscosity is negative and equal to −1/(16πG), which agree with ones in the original membrane paradigm [8, 11] . Indeed in the null case, we have that
where σ t denotes the traceless component of the rate of strain tensor. Hence, null evolution of screens cannot correspond to thermodynamic systems that satisfy the second law unless there expansion vanishes. This property is valid for an event horizon in a static space-time but not for an event horizon in a dynamical space-time, since in this case the expansion does not vanish on the horizon, which is related to the teleological property of event horizon [11, 43] .
Conclusions and Discussions
In this work we have seen how the Einstein gravity equations projected on a timelike membrane are equivalent to the thermodynamic equations for a viscous bubble. These equations are of three kinds: the first one is the first law of thermodynamics that expresses the balance law of the internal energy, the second one is the Cauchy equation that expresses conservation of tangential momenta, which is also a viscous generalization of the Marangoni flow equation, and the third one is the dynamical generalization of Young-Laplace equation that expresses conservation of momenta across the bubble and governs its size due to evaporation or condensation. In all these three equations one common parameter appears: the surface tension γ. It appears as a work term γdA in the first law, a force term dγ in the Marangoni equation and as a pressure term γθ s in the Young-Laplace equation. Finally the Gibbs equation gives the temperature dependence of the surface tension in terms of the interfacial entropy s i as (∂γ/∂T ) A = −s i .
The identification of a gravitational screen as a fluid interface allows us to identify a full dictionary between gravity and thermodynamics. In this dictionary the surface tension is proportional to the inward radial acceleration while the internal energy is proportional to the inward radial expansion. We can also assign to the gravitational screen a viscous stress tensor, a rate of strain tensor, momenta, a Newtonian potential and a heat flux vector (see tables 1 and 2).
In order to go beyond this analogy we need to get a deeper understanding of the equation of states and of the constituent equations. In order to devise an equation of states one would need to find, for an arbitrary screen, a notion of temperature. This should appear in a quantum treatment of the gravitational field as suggested by Unruh's work [44] and along the lines of [19] . It also usually relies on having a constituent picture and being able to identify a particle number N or a constituent density n = N/A. For one-component fluids there are two types of constituent equations. One is tensorial and relates the viscous stress to the rate of strain, which is then related to the location in space-time of the screen evolution. Another one is scalar and relates the heat flux vector to the temperature gradient, which needs yet to be geometrically understood. Finally, the last piece of information needed to have a full thermodynamic understanding is to find a notion of fluid velocity v. Whether or not we can assign to a general fluid a temperature, mass density and velocity will be investigated in the future. One natural question to also keep in mind is to look for gravitational screens that follow the second law of thermodynamics, which will constrain the possible constitutive relations of the gravitational screen.
where R(h) is the Ricci scalar for h. We finally consider the Ricci identity that relates the two curvature tensors R(g) = R(h) + ǫ K : K − 2∇ a a a n − 2ǫ∇ a (n a K) ,
where a a n ≡ −ǫ∇ n n a is the acceleration.
B Boundary evolution
Here we derive the dynamical Young-Laplace equation (34) . We suppose the interface as the thin limit of a finite layer between two phases. That is, if the size of the interface is ∆r = r + − r − , the thin limit means ∆r → 0. Here r is the distance from the interface located at r = 0 after taking the limit, and r + , r − are the positions of the outside and inside layer, respectively. Note that generally the surface is moving with the velocityṙ. In this choice of coordinates s i ∂ i = ∂ r holds where s is the normal vector to the interface. Therefore for this coordinates we can assume that V s = V r . We also denote by θ = ∂ i s i the curvature of the interface. Given a physical quantity f we define its average across the surface to bef
where ∆r is taken to be infinitesimal. We now construct a useful formula which expresses the conservation across the interface. For a vector V i its divergence can be evaluated by using δ ij = q ij + s i s j as
Integrating this and taking the thin limit we get 
We see that j + ≡ ρ + (v + r −ṙ) represents the mass flux per unit area towards the region r > r + anḋ m + = S j + dA represent the change of mass of this region. Similarly j − ≡ −ρ − (v − r −ṙ) represents the mass flux outside the region r < r − andṁ − = − S j − dA represent the change of mass of this region. We see also that if the normal momenta surface density does not vanish we also have an additional term proportional to the curvature. In the following we demand the continuity of the velocity field 
Now we derive time evolution equation of the bubble radial momentum densityπ r ≡ r + r − drρv r , from the r−component of the momentum conservation law:
where T ij is the total stress tensor. Using this equation of motion and the thin-limit formula (89), we obtain that
The first two terms in the RHS cancel each others due to the mass conservation equation (91) 
Given these we see that the previous thin limit equation reduces to the dynamical Young-Laplace equation
This is the dynamical Young-Laplace equation (34) . Concerning the point (94) note here that the stress tensor contains the effect of the surface tension [45] via T surf ace ij
where n is the number density, and M (n) is a function of n, which comes from the gradient term in the Ginzburg-Landau effective free energy [46] . Only this term contributes to the thin limit, and its integration gives the surface tension:
which is the same as the original theory by van der Waals [47] .
